Realization of 2-channel Kondo effect in a junction of three quantum Ising chains 
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It is shown that a junction of three quantum Ising chains (Y-junction) can be described as the 
2-channel Kondo model in a box which size is of the order of the Ising model correlation length 
with spin S=l/2 localized at the junction. The local spin is composed of the zero energy boundary 
Majorana modes of the Ising models. 

PACS numbers: 75.10.-b, 72.10.Fk 



Majorana fermions in general and Majorana zero en- 
ergy modes (MZEMs) in particular have become very 
popular topic. The interest is mainly caused by non- 
Abelian properties of MZEMs related to the fact that for 
a set of N modes the corresponding operators satisfy the 
Clifford algebra 



{li>7j} = s ij, i,j = ^,-N, 



(1) 



and as such represent a realization of a spinor represen- 
tation of the O(N) group. 

Theory predicts that MZEMs will appear at topologi- 
cal defects such as vortices in two- and domain walls in 
one dimension. Although in one dimension the task of 
generating Majorana modes is much easier, it is more 
difficult to take advantage of the non-Abelian nature of 
MZEMs since to exchange them one needs somehow to es- 
cape from ID. It has been suggested that one can resolve 
the conundrum with a help of the so-called Y-junction. 
In [l[ it was suggested to use Y-junctions (called T- 
junctions in that paper) to implement braiding opera- 
tions of Majorana fermions. 

In this paper I study a junction of three quantum Ising 
models coupled together at one point. The Hamiltonian 
is the one of three quantum Ising chains 



N 

Hiring* = [~ JVpti)Vp(j + 1) + hof(j) 



(2) 



coupled together in the Y-junction: 



H = - Jiaof(l)of (1) - ^1(1)^(1) - Ji 3 of(lM(l) 

3 

~t~ ^ ^ Hj S i n g p (3) 

P =i 

I assume that < J pq « J. Models are equiv- 
alent to noninteracting Majorana fermions by means of 
Jordan- Wigner transformation and their boundaries con- 
tain MZEMs. It will be shown that for nearly critical 
chains | J — h\ << J the MZEMs located at the junc- 
tions are subject of intense screening by gapless bulk 
modes and model §5§ is equivalent to the overscreened 
two-channel Kondo model. The latter model possesses 
non-Fermi liquid fixed point [2| with a residual ground 
state entropy 



In thermodynamic limit N —y oo at zero temperature 
model ([2]) is in the ferromagnetically ordered state at 
J > h, where far from the boundary the magnetization 
is finite (a z ) ~ ( J — /i) 1 / 8 ; at J < h the ground state is 
disordered (paramagnetic) (a z ) = 0. The point J = h 
is critical. At J > h the ground state is double degen- 
erate in the thermodynamic limit. This degeneracy is 
related to MZEMs located at the opposite boundaries of 
the system. 

Majorana fermion a is a linear combination of 
fcrmionic creation and annihilation operator 



a=(/ + / + )/2, a 2 = 1/2, a = a ] 



(4) 



and as such cannot be used to create or destroy any state. 
To do this one needs a pair of Majorana fermions eti, a 2 
from which creation and annihilation operators can be 
constructed: 



f = ai+ia 2 , j" 1 



a\ - ia 2 . 



(5) 



The zero modes located at different boundaries overlap; 
their tunneling Hamiltonian is 



H tunn = 2it ai a 2 = t(f+f - 1/2). 



(6) 



Thus for a finite chain the ground state degeneracy is 
broken, but since t decays fast with the system size, for 
sufficiently large systems one can think about boundary 
Majorana modes as independent. Due to their nonlo- 
cality such Majorana modes have attracted a particular 
attention in conjunction with quantum computation. 

Let us return to model © . As I have said, it is equiv- 
alent to the model of noninteracting Majorana fermions. 
In the continuum limit | J — h\ << J it is described by 
the Lagrangian 



L 



dx 



\M{x)xrXl 



(7) 



where v ~ J and xl,r are real anticommuting fields. 
Here I introduced a coordinate dependent mass term to 
simulate the effect of the boundaries. At < x < L = 
Nclq we have M(x) = h — J, outside of this interval it 



2 



interpolates to a large positive value M ~ J. If h < J 
then the function M(x) changes sign at the boundaries. 
Then the corresponding Dirac equation for the fermions 
has solutions with zero energy localized at x — 0, x = L (I 
will treat these points as located infinitely far from each 
other and neglect all tunneling). These are Majorana 
zero modes (MZEMs). If h > J (the disordered phase) 
M(x) does not change sign and such solutions do not 
exist. 

It is convenient to isolate the zero mode from other 
modes which was done in [6[ where the following equiva- 
lent representation of the Lagrangian ([7]) was introduced 
(see Eq.(4.22) in H): 



L = 



dx 



1 



:Xr(9 t ~ ivdxXii) + 



■^Xddr ~ wd x XL) + iMxrXl 
(Xl~Xr)o = 0, (M >0), 



-ad T a, 



(8) 



In this representation the zero mode a is present ex- 
plicitely and the bulk Lagragian is supplemented by the 
boundary condition. At time scales |r| <<JM| _1 the 
following formula is valid (see Eq.(4.25) in [6|) for p-th 
chain: 



(J z (l) p = ia p ( X p +Xp)o, 



(9) 



where a p are local Majorana's living on the boundary. 
It has a dimension {mass} 1 / 2 . This representation re- 
produces the known result for the correlation function of 
boundary spins: 



(a*(r, 1K(0, 1)) = (To(r)a(0)>(r X (r)x(0)) 
1 1 

signr x 



2ttt 2it\t\ 



(10) 



Substituting ((9]) into (|3|) and taking the continuum 
limit of the individual chains we get the following 
effective Hamiltonian (we extended the space interval to 
the entire axis, but left only one chirality of the fermions: 
X (x) = 9(x)xr(x) + 0{-x)xl(-x).): 



H eff = 



iJ2G P S p e pqtXq (0)Xt(0) 



dxxpd x Xp, 



where G\ = J23, G 2 = J13, G 3 = J 12 , and 



S P — —^pqt^q^t, 



(11) 



(12) 



are components of spin S=l/2 [7[ and the fermionic bi- 
linears are SU2(2) currents: 

3 ^'abc-XbXc 

The level of the current algebra is equal to the number 
of channels of this Kondo model. Model (jlll) describes 



the two-channel Kondo problem written in the form in- 
troduced in If the bare interactions are ferromag- 
netic (—Jab < 0, the same sign as the bulk exchange), 
the Kondo exchange is antiferromagnetic and the inter- 
action scales to the intermediate coupling critical point. 
Otherwise it is marginally irrelevant. A similar Kondo 
model (the 4-channel one) has recently been suggested 
in [8j in the context of the so-called topological Kondo 
effect. In @ it was found that 4-channel Kondo model 
describes F-junction of XX spin S=l/2 chains. This pa- 
per also contains an elegant derivation of the fermionic 
lattice Hamiltonian. 

As was established in the low energy Lagrangian 
describing the junction dynamics at energies less than 
the Kondo temperature Tk' 

3 

Leff = ^ed T e + ge X i(0)x2(0)x3(0) + ^2 L iXp}, (13) 
1 p=i 

where g ~ Tk and £[Xp] describes three chiral Majorana 
modes of the bulk. The Kondo scale Tk is a function 
of the bare couplings and the ultraviolet cut-off J, for 
equal couplings G\ = G2 = G3 it is exponentially small 
in G. The critical point is characterized by a single zero 
energy Majorana fermion coupled to the bulk by the ir- 
relevant operator. Thus the Y-j unction of critical Ising 
models yields one Majorana fermion located at the junc- 
tion and weakly coupled to the environment as described 
in j5[. This conclusion holds irrespectively of the ratios 
between the couplings G a ; it is well known that the mul- 
tichannel Kondo model fixed point is unaffected by the 
anisotropy (lpj . This is a remarkable fact meaning that 
the low energy properties of the junction are robust with 
respect to anisotropy of the couplings. Another remark- 
able fact is that the local pseudospin (TT2"j) constructed 
from the MZEMs of different chains is not a local oper- 
ator of Ising chains and therefore there is no "magnetic 
field" which can attached to it. Thus the 2-channel criti- 
cal point cannot be destroyed by local perturbations. As 
far as nonlocal ones are concerned, the Kondo effect will 
not survive if at least on of the chains becomes noncrit- 
ical. In the first approximation we can say that mak- 
ing the bulk massive is equivalent to putting our Kondo 
model in a box of size M _1 . As long the Kondo tem- 
perature exceeds M, not much changes. Otherwise, as 
we said, the Kondo effect disappears and the junction 
bahaves as S=l/2. 

Let us consider two Y-junctions coupled together. Zero 
modes from one of them we denote rf~ , from the other 
r/ + . The Hamiltonian (12IMI) acquires a correction in the 
form of tunneling term: 



(14) 



This term competes with the Kondo screening which can 
be established looking at the mean field solution where 
the interaction is decoupled by fields A a so that the La- 
grangian becomes (I consider the isotropic interaction): 

L{ x °] + A 2 J2G + iA a if aX :(0) + itr,+r,-, o = ±1.(15) 



3 



The saddle point action is 

±(A 2 + + A 2 _)-^- J dwM(M + A + )(M + A_) + ffl 
yielding 

A a =T K -t, (t<T K ); A a =0, (t > T K ) (17) 

where Tk ~ exp(— Const / G) . From here we may con- 
clude that the Kondo effect disappears at t > Tk- 

The current study indicates that the Y-] unction of 
nearly critical quantum Ising models behaves as an ac- 



tive element where MZEMs undergo screening by the 
bulk excitations. At low energies the system scales to 
overscreened 2-channel Kondo model critical point. This 
is an interesting fact by itself since realization of over- 
screened Kondo effect is a notoriously difficult task. At 
the same time nearly critical quantum Ising systems can 
be realized in Josephson junction arrays 
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